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Abstract. We argue that theories of quantum gravity constructed with the help of (Causal) Dynamical Triangulations have
given us the most informative, quantitative models to date of quantum spacetime. Most importantly, these are derived
dynamically from nonperturbative and background-independent quantum theories of geometry. In the physically relevant case
of four spacetime dimensions, the ansatz of Causal Dynamical Triangulations produces – from a fairly minimal set of quantum
field-theoretic inputs – an emergent spacetime which macroscopically looks like a de Sitter universe, and on Planckian scales
possesses unexpected quantum properties. Important in deriving these results are a regularized version of the theory, in which
the quantum dynamics is well defined, can be studied with the help of numerical Monte Carlo methods and extrapolated to
infinite lattice volumes.
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INTRODUCTION
What unites cosmologists and researchers working on
quantum gravity is their wish to understand the nature
and physical properties of spacetime, and how they are
influenced by and in turn influence the matter located in
space and time. Although the work of cosmologists is
usually associated with the behaviour of the universe on
the very largest scales (1025m and beyond), and that of
quantum gravitators with ultra-short distances of the or-
der of the Planck length, `Pl ≈ 10−35m, there are never-
theless phenomena which conceivably require input from
both. These fall under the umbrella of what one may call
"quantum spacetime phenomenology" [1], the (so far pu-
tative) observable consequences for cosmology and as-
trophysics of a quantum microstructure of spacetime, de-
scribed by a (so far unknown) quantum theory of grav-
itation. The challenges one faces in developing such a
phenomenology have to do with the incredible weakness
of the gravitational forces and the associated smallness
of the characteristic Planck scale at which quantum ef-
fects are expected to become important. Conversely, in
the absence of any obvious phenomenology we have lit-
tle reliable guidance in our search for a viable theory of
quantum gravity.
Well-known obstacles must be overcome when try-
ing to quantize classical general relativity, because of its
highly nonlinear character and the dimensionality of the
gravitational coupling or "Newton’s" constant, which im-
plies that a perturbative quantization of gravity becomes
useless as one approaches Planckian distances. At the
same time, nonperturbative candidate theories for quan-
tum gravity, which provide more or less concrete quan-
tum models of spacetime and the gravitational excita-
tions at the Planck scale, face great difficulties in de-
riving any predictions – observable or not – because of
their current incompleteness and a scarcity of quantita-
tive computational tools to bridge the gap to more acces-
sible macroscopic scales. This usually makes it difficult
to verify that one’s favourite quantum-gravitational the-
ory reproduces any aspects of the classical theory (as it
must in a suitable large-scale limit), let alone predict spe-
cific quantum corrections to Einstein’s theory.
Despite these daunting prospects, there is a lot of ac-
tivity and exciting progress to report about in this area.
The development and further sophistication of nonper-
turbative computational tools has in recent times enabled
us to derive quantitative results (yes, numbers!) in full1,
four-dimensional quantum gravity. In so far as they relate
to the classical limit, these numbers can be used to rule
out (or rule in) specific models as promising candidates
for quantum gravity. In so far as they concern h¯-effects,
they cannot as yet be related to any true quantum space-
time phenomenology, but can already be used to distin-
guish between different candidate theories. In the ansatz
of Causal Dynamical Triangulations, a prominent exam-
ple of such a theory, one meets concrete instances of
both situations. The use of effective computational meth-
ods has also exhibited a number of generic pitfalls in
1 that is, without making any additional symmetry assumptions to
reduce the degrees of freedom drastically, as is done, for example, in
quantum cosmology
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FIGURE 1. Zooming in on a piece of empty spacetime,
which near the Planck scale one is supposed to imagine as a
frothing quantum foam.
constructing a nonperturbative quantum gravity theory,
which could not have been anticipated from either the
classical or the perturbative theory, thus giving us valu-
able insights into what works and what does not.
QUANTUM SPACETIME
Our working definition of a quantum spacetime is a
"spacetime" (in the most general sense) with quan-
tum properties on Planckian scales, which in a suitable
macroscopic limit can be approximated by a classical
curved spacetime (M(4),gµν(x)), consisting of a differ-
entiable manifold M(4) and a metric tensor gµν(x) of
Lorentzian signature. We do not know a priori which of
the geometric or other properties of a classical spacetime
will continue to be meaningful at the Planck scale; this
is precisely one of the interesting questions the quantum
theory should be able to answer.2
There are essentially two ways to arrive at a quantum
spacetime, a kinematical and a dynamical one. In the first
case, one chooses a particular classical ("background")
geometry and "embellishes" it with quantum fluctuations
or, alternatively, arranges some microscopic quantum de-
grees of freedom such that they "approximate" a given
classical background geometry. This can be thought of as
a generalization of standard perturbative quantum grav-
ity, with the difference that the assumed Planckian quan-
2 A good measure of how little we know about "quantum spacetime"
is how few pictures there are on Google, where one finds just a handful
of artistic impressions of "spacetime foam", like that shown in Fig. 1.
tum fluctuations will typically look very different from
linearized quantum fields. Since many researchers be-
lieve in a fundamental discreteness of spacetime at short
distances, these degrees of freedom will often be of a dis-
crete nature, involving sets of points or one-dimensional
lattice-like structures, possibly with additional relations
or labels. Other examples of kinematical, "fuzzy" space-
times are given by certain noncommutative spaces.
The other, much harder way of obtaining a quan-
tum spacetime is as the solution to the dynamics of a
full theory of quantum gravity, say, as the extremum of
some path integral or a solution to some Wheeler-DeWitt
equation. The crucial difference with the kinematical ap-
proach is that no distinguished background spacetime is
put in by hand. Instead, similar to what happens in the
classical theory, a physical (quantum) spacetime is ob-
tained only by solving (quantum) equations of motion.
Contrary to what the label "background-independent
quantization" may suggest, there are specific choices in-
volved in trying to set up such a nonperturbative quan-
tum theory of gravity, most importantly of (i) the mi-
croscopic degrees of freedom, representing whatever be-
comes of "gravity" at the Planck scale, (ii) the kinemat-
ical principles (causality, locality, etc.), symmetries and
other algebraic structures, and (iii) a dynamical principle
– whatever constitutes the "quantum equations of mo-
tion". There is little way of telling which are the correct
choices and to what extent they will influence the final
outcome, without actually constructing the theories and
computing some concrete numbers from them.
The trouble with a "kinematical" spacetime is that one
cannot estimate to what extent it approximates a true,
dynamical quantum spacetime of the full theory before
having solved the latter. In other words, one does not
know whether there is a nonperturbative theory of quan-
tum gravity which has it as a stable solution or ground
state. In the absence of dynamical solutions, kinematical
quantum spacetimes may serve as useful models of the
type of "quantum effects" that may be present, and one
can try to study their phenomenological implications. Al-
most all quantum spacetimes that have been studied are
kinematical and/or rely on an a priori symmetry reduc-
tion in the dynamical degrees of freedom, where the sym-
metry is suggested by that of a particular classical so-
lution (for example, homogeneity, isotropy or spherical
symmetry). This implies that they carry a considerable
degree of classical background structure by construction,
which makes it rather unsurprising if one can "rederive"
a classical spacetime from them in a suitable large-scale
limit.
This is very different from a truly background-
independent derivation, where the "emergence" of
classical spacetime – if it can be shown to occur – is
highly nontrivial. As far as we are aware, the only fully
nonperturbative candidate theory of quantum gravity
which has produced a quantum spacetime with gen-
uine classical large-scale properties is that of Causal
Dynamical Triangulations (CDT), mentioned in the
Introduction, and to be discussed further below. Like
any other formulation of quantum gravity, this approach
involves working hypotheses on the relevant ingredients
(i)-(iii) above, which ultimately can only be justified a
posteriori.
Isn’t this just as much guesswork as goes into the con-
struction of a kinematical quantum spacetime? The an-
swer is no, because the presence of dynamics provides
crucial additional information about the system. Already
the need for a quantum configuration space – a domain
of the path integral or a Hilbert space – on which a dy-
namics is well defined (as opposed to being just "for-
mal") imposes strong restrictions. Moreover, the pres-
ence of dynamics exhibits which region(s) of phase space
the quantum-geometrical system is driven towards, and
whether there are instabilities or other unexpected dy-
namical features. It is not surprising that it was in the
context of Dynamical Triangulations (DT), which pro-
vides a concrete calculational framework of this kind,
that generic, nonperturbative dynamical instabilities (as-
sociated with highly degenerate geometries) of systems
of strongly fluctuating higher-dimensional quantum ge-
ometry were first discovered and quantified [2, 3].
A dynamical approach – even before all of its im-
plications are understood and analyzed – can also give
valuable "pre-geometric" information about the quantum
spacetime, for example, its dimensionality.3 On Planck-
ian scales, this may in principle deviate from the classi-
cal value of four. Again, one should be careful to dis-
tinguish between genuine dynamical properties of the
spacetime and those which are simply consequences of
some kinematical choices put in by hand. For example,
if one postulates that spacetime is fundamentally discrete
and chooses a particular type of fundamental "building
block" or quantum excitation whose size is the Planck
length, all properties of the quantum spacetime at that
scale will strongly depend on this choice. This is not re-
ally good enough if one is interested in a fundamental
description of quantum gravity at the Planck scale, be-
cause in that case one still needs to argue why a particu-
lar choice of discrete structure is better than the infinitely
many other choices one could have made instead.
One way to obviate the need for seemingly arbitrary
guesses about "physics at the Planck scale" is to work
with a regularization – which is necessary at an inter-
mediate stage to make calculations well defined – whose
associated cut-off scale is sent to zero in the end or, from
3 By depicting particular aspects of quantum geometry, both DT and
CDT quantum gravity theories have produced pictures that are not only
pretty, but convey information about their dynamical content (Fig. 2).
FIGURE 2. A "quantum spacetime", generated dynamically
in the DT approach in two dimensions. Although it reflects cer-
tain arbitrary choices (here, that of a regularization in terms of
flat triangles), it is a "typical" path integral configuration and
therefore contains genuine dynamical information, for exam-
ple, the fact that it in no way approximates a smooth spacetime
locally. [source: P. Coddington]
a practical point of view, taken to be at least signifi-
cantly smaller than the physical scale one is interested
in describing. A well-known mechanism for removing
the dependence on arbitrary regularization details is that
of "universality", realized under favourable conditions
when approaching a phase transition point (of order 2 or
higher) in the space of bare coupling constants of a regu-
larized statistical model underlying the candidate theory
of quantum gravity under consideration. If an ultravio-
let fixed point and an associated scaling limit4 exist, the
theory is said to possess a "continuum limit". Despite the
name, such a construction is as a matter of principle not
necessarily incompatible with fundamental discreteness.
For example, it may happen that a distinguished length
scale is generated dynamically, and appears as the mini-
mal eigenvalue of a quantum operator measuring length,
area or some other geometric quantity, similar to what
happens in the kinematical sector of loop quantum grav-
ity, say. However, there are to our knowledge no com-
pelling arguments for the existence of a minimal length
scale in quantum gravity, as opposed to wishfully think-
ing that it should exist to provide a "natural cut-off" to
momentum integrals.5
There is strong evidence that the scenario sketched
4 usually defined in terms of a divergent correlation length of the theory
5 How to give an operationally well-defined meaning to the notion of
a minimal length in a nonperturbative theory of quantum gravity is of
course yet another nontrivial issue.
above – a regularized quantum field-theoretic framework
for gravity with a set of minimalist ingredients (i), (ii)
and (iii), from which a full theory of quantum gravity
emerges, along with a specific "quantum spacetime" as
its ground state – is indeed realized in the ansatz of
four-dimensional CDT. – In the remainder of this arti-
cle, we will only give the briefest of summaries of the
ingredients and some recent results of this approach to
quantum gravity. It should be read in conjunction with
our companion article [4] in the same volume, which
contains some further technical details. In what follows,
we will specifically highlight some new results concern-
ing the phase structure of CDT quantum gravity. For a
much more comprehensive exposition of this material
and a more complete bibliography, we refer the interested
reader to several recent reviews of the subject [5, 6, 7].
QUANTUM SPACETIME FROM CAUSAL
DYNAMICAL TRIANGULATIONS
Tools and ingredients
"Quantum gravity from CDT" relies on few ingredi-
ents and a minimal set of prior assumptions. In terms of
the ingredients listed in the previous section, we have
(i) microscopic degrees of freedom: curved Lorentzian
geometries of fixed topology, encoded in four-
dimensional, piecewise flat triangulations ("simpli-
cial manifolds") with curvature concentrated at two-
dimensional sub-simplices (the triangles of the tri-
angulation).
(ii) kinematical principles and other structures: quan-
tum superposition principle, locality, causality; no-
tions of proper time and Wick rotation.
(iii) dynamical principle: path integral over the domain
(i) with weights given by the Einstein-Hilbert action
with a cosmological constant term, implemented
nonperturbatively using standard tools from quan-
tum field theory, including appropriate renormaliza-
tion of couplings in the limit as the ultraviolet lattice
cut-off (edge lengths of the triangulations) is taken
to zero.
This minimalist and rather conservative starting point,
following closely the dynamical ingredients of the clas-
sical theory, without postulating any new symmetries or
degrees of freedom, is all that is necessary to produce
an array of truly interesting results. Key to obtaining an
emergent classical geometry are causality conditions im-
posed on the individual triangulations, with the help of a
global proper-time slicing [8, 9], such that the simplicial
building blocks are arranged in layers, see Fig. 3. This
particular definition of the domain of the path integral is
FIGURE 3. The building blocks of the Lorentzian triangula-
tions are arranged in layers, in such a way that all vertices of
the triangulation lie in spatial slices of constant integer proper
time. For ease of visualization, the figure illustrates the analo-
gous situation in 2+1 dimensions. Shown are three simplicial
building blocks, and the different ways in which their vertices
can be distributed over two adjacent spatial slices, with proper
time labels t and t +1. [source: T. Budd]
not "pulled out of a hat", but motivated by previous in-
vestigations, most importantly, in the much-studied Eu-
clidean DT version of the formulation. The calculational
set-up can be seen as the gravitational analogue of a lat-
tice quantum field theory (like lattice QCD), although not
on a given fixed (hypercubic, say) lattice, but incorpo-
rating a sum over all inequivalent triangular lattice ge-
ometries, reflecting the dynamical nature of spacetime.
In addition, one can of course add other matter degrees
of freedom by assigning field variables to the elements of
the simplicial lattices and including them in the path inte-
gral. Of crucial importance in all cases is the availability
of numerical methods to evaluate the regularized, non-
perturbative path integrals (after Wick rotation), using
Monte Carlo techniques and finite-size scaling. A wealth
of results from studying DT and CDT models in dimen-
sions two, three and four, with and without matter, have
revealed a large degree of universality, the highly desir-
able property of the continuum limits of these theories to
be largely independent of the details of the implementa-
tion and regularization. Universality covers various regu-
larity conditions on the path integral configurations, and,
to a large degree, the form of the action and the mea-
sure, but not the signature of the geometries. Choosing
Euclidean or Lorentzian signature leads to inequivalent
continuum theories, as was first demonstrated in two di-
mensional gravity [8], an early key insight obtained by
using dynamical triangulations.
Some Results
As a consequence of the regularization chosen and a
subsequent Wick rotation, the original Lorentzian grav-
itational path integral is transformed into a statistical
partition function of a specific ensemble of Euclidean
simplicial manifolds, with weights given by the Eu-
clideanized Einstein-Hilbert action, now expressed as a
function of the variables characterizing a given triangula-
tion, see [4], eqn. (3). The action, and therefore the parti-
tion function, depends on three bare coupling constants,
the cosmological constant κ4, the inverse Newton con-
stant κ0 and a so-called asymmetry parameter ∆, which
simply is the proportionality factor between the lattice
link length in the time direction and that in the spatial
directions (∆= 0 corresponds to isotropic length assign-
ments). The latter appears naturally as a free parameter of
the regularized theory, since the Lorentzian geometries
are by construction anisotropic in space and time. More-
over, the associated proper-time slicing and suppression
of the generation of so-called baby universes (leading to
spatial topology changes and causality violation) appear
to be necessary to obtain an emergent de Sitter space on
large scales [10, 11].
It turns out that in all DT models, fine-tuning the bare
cosmological constant to its critical value is tantamount
to taking the infinite-volume limit (in lattice units), a
necessary step for obtaining a theory in the continuum.
This leaves us with two free parameters for the case of
CDT quantum gravity in four dimensions, namely, κ0
and ∆.6 The qualitative structure of the relevant κ0-∆-
phase diagram (Fig. 4) has been known for some time
[12]. There are three phases, A, B, and C, which can
be distinguished with the help of an "order parameter",
given by the overall shape of the quantum spacetime
that emerges as ground state in the given phase. This so-
called volume profile V3(t) is simply the three-volume
of space (by definition compact, with the topology of a
three-sphere) at proper time t. The quantity V3(t) for a
given path integral geometry is of course not an observ-
able, only its expectation value 〈V3(t)〉 in the ensemble
is. Nevertheless, "typical" path integral histories in the
different phases exhibit very distinct characteristics, as
illustrated by the three small figures included in the phase
diagram of Fig. 4. Only in phase C can the average vol-
ume profile 〈V3(t)〉 be matched with that of a cosmolog-
ical solution to the classical Einstein equations, namely,
the de Sitter universe [10, 11]. This can be done with
quite spectacular precision (c.f. Figs. 3 and 4 in [4]), in-
6 To address a frequent misconception, let us point out that our choice
of the Einstein-Hilbert does not mean that higher-curvature terms are
ignored or suppressed. These will all be present in the path integral and
are contained in the "entropy" of path-integral configurations at a given
value of the bare action. Not including higher-order curvature terms in
the bare action only means that these terms will not be associated with a
tunable bare coupling constant in the full, effective action of the theory.
That this minimal assumption leads to an interesting continuum theory,
by fine-tuning at most κ0 and/or ∆, obviously needs to be verified.
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FIGURE 4. Phase diagram of four-dimensional CDT quan-
tum gravity, as function of the inverse Newton constant κ0 and
the asymmetry parameter ∆, measured at a spacetime volume
of 84.000 four-simplices. The phases A, B and C can be dis-
tinguished by their typical volume profiles, as indicated in the
figure. The physical phase C contains extended de Sitter uni-
verses. The A-C and B-C phase transitions have been found to
be of first and second order respectively [13, 14].
cluding the quantum fluctuations, which can be matched
to those computed from a related minisuperspace model.
In order to establish whether we can understand quan-
tum gravity within the standard framework of critical
statistical-mechanical systems, where continuum limits
are associated with critical points at second- or higher-
order transitions, we have recently performed a detailed
analysis of the phase transition lines bordering the phys-
ical phase C. The numerical determination of the order
of the phase transitions is a subtle affair, because of the
characteristic slow-down of the simulations near the tran-
sition, which make the simulations computationally very
expensive. One also has to determine which standard in-
dicators of the order of a phase transition can be adapted
to the case of fluctuating geometry, and how. Only by
combining several such criteria have we been able to de-
termine the order of the phase transitions with confidence
[14].
More specifically, we have (i) used a histogram analy-
sis of selected quantities conjugate to the couplings con-
trolling the approach to the respective transition lines,
(ii) extracted so-called shift exponents from measuring
the location of the maxima of the susceptibilities asso-
ciated with these quantities, and (iii) measured a vari-
ety of Binder cumulants. The histograms exhibit a clear
two-peak structure near either transition line of the CDT
system (see Fig. 5), the pertinent question being whether
in the limit of large volumes they fuse into a single one
(indicative of a second-order transition) or become more
pronounced (in line with a first-order transition).
The combined outcomes of these measurements con-
stitute strong evidence that the A-C transition, between
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FIGURE 5. Monte Carlo time evolution of the quantity N0
(number of vertices of the triangulated spacetime) conjugate
to the coupling constant κ0 in the bare CDT action at the A-
C transition (top), together with the associated histogram, with
characteristic double-peak structure (bottom).
the oscillatory and de Sitter phase, is first order, and
the B-C transition between the "time-collapsed" and the
physical de Sitter phase is second order. This finding is
potentially very significant, because all points along a
second-order line are potential candidates for the exis-
tence of continuum theories. We also note two distin-
guished points along the B-C line, namely, an apparent
end point for small κ0, as well as a triple point where all
three phases meet. The finding of a second-order phase
transition, so far unique in four-dimensional quantum
gravity, suggests that in order to probe quantum space-
time at even smaller scales than what has been achieved
until now – where the de Sitter universes have had a lin-
ear extension of about 12-20 Planck lengths across – one
needs to perform simulations closer to the B-C transi-
tion line. Making the algorithms more efficient in the
neighbourhood of this transition line presents a consid-
erable technical challenge and is currently under inves-
tigation. Physical statements extracted for the infinite-
volume limit based on measurements taken inside phase
C, especially those referring to large-scale structure, are
not invalidated by this result. However, we have noted
before that our current "resolution" is not sufficient to an-
alyze certain true Planck-scale details of geometry like,
for example, deviations of the volume profile 〈V3(t)〉 near
its end points, where V3(t) is small and quantum correc-
tions to the potential energy of the relevant minisuper-
space model should come into play.
SUMMARY AND OUTLOOK
After discussing the status of "quantum spacetime", and
possible ways of obtaining it in a theory of quantum
gravity, we have focussed on the approach of Causal
Dynamical Triangulations, which arguably has made the
most progress in demonstrating that and how a solu-
tion to the classical Einstein equations can emerge from
a nonperturbative and background-independent formu-
lation in a large-scale limit. The investigation of this
candidate theory of quantum gravity is still ongoing.
The results obtained so far on the short-scale, Planck-
ian structure of the theory are quite remarkable, because
they have revealed totally unexpected (from a pertur-
bative point of view) properties, most prominently that
of dimensional reduction, as described in the compan-
ion paper [4] (see especially Fig. 5 there, illustrating the
scale-dependent spectral dimension of quantum space-
time). CDT, together with its nonperturbative computa-
tional toolbox, gives us unprecedented glimpses of this
highly nonclassical regime, which so far cannot be ac-
cessed reliably by other methods. Other insights include
the pivotal role played by "entropy", the number of mi-
croscopic realizations for a given value of the action,
which – amongst other things – is responsible for cur-
ing the problem of unboundedness of the path integral
and the associated instability [7].
To demonstrate that the quantum theory obtained from
CDT is the correct (and hopefully unique) theory of
quantum gravity, further aspects of the classical the-
ory need to be "rederived", and quantum properties at
Planckian scales to be probed in more detail. All of these
require the identification and spectral analysis of suitable
"observables", on top of the already known ones. Find-
ing observables which are well defined in absence of any
background geometry, as is the case in a nonperturbative
formulation, is of course one of the central challenges of
any approach to quantum gravity. The advantage of the
CDT formulation discussed here is that the issue takes
on a concrete form, thanks to the presence of a well-
defined computational set-up where observables can be
operationally implemented, measured and interpreted. In
quantum gravity, this is just about as good as it comes.
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